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Abstract 
We present a theoretical model for describing light scattering from randomly 
distributed Au nanoparticles on a substrate, including the clustering effect. By using 
the finite-element Green’s function method and spherical harmonic basis functions, 
we are able to calculate the polarization-dependent reflectivity spectra of the system 
(modeled by randomly distributed nanoparticles coupled with clusters) efficiently and 
accurately. The calculated ellipsometric spectra of the system with clusters can 
adequately describe the experimental data for the whole frequency range. We find that 
the clustering effect leads to some prominent features in the low frequency range of 
the ellipsometric spectra, which are attributed to plasmonic resonances associated 
with the coupling of Au nanoparticles and clusters. 
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I. Introduction 
 Recently, optical properties of nanoparticles have been widely studied by 
scientists, especially in phenomena concerning enhancement of electromagnetic 
waves near the surface of nanoparticles due to surface plasmon resonance (SPR). The 
behavior of SPR is very sensitive to the shape and dielectric constants of media 
surrounding the nanoparticles. [1] SPR is wildly used in many scientific studies such 
as surface enhanced Raman scattering (SERS) [2-7] and spectroscopic ellipsometry 
(SE) measurements. [8-11] 
 Theoretically, the scattering from an isolated sphere has been analytically studied 
from the conventional Mie scattering theory which is based on vector spherical 
harmonic functions and matching boundary conditions at the surface of the sphere. 
[12-13] Theory for the scattering from an isolated spheroid has been also constructed 
[14]. Furthermore, many methods were used to investigate the optical properties of an 
isolated sphere or spheroid on a substrate. However, these methods are based on some 
approximations such as the image method [15] and electrostatic formulation [16-18]. 
For light scattering from periodic distribution of nanoparticles on multilayer films, 
rigorous coupled wave analysis (RCWA) has been adopted. [19, 20] On the other 
hand, the finite-element Green’s function (FEGF) approach [21, 22] has been 
developed and shown to be more efficient than RCWA except that the FEGF approach 
sometimes does not converge fast enough for wavelengths near the plasmonic 
resonance. For random distribution of nanoparticles on multilayer films, the effective 
medium approximation (EMA) and so-called the GranFilm code [23] are suitable for 
describing the optical properties in the long wavelength range, while the FEGF 
method is appropriate for all frequency range since it takes into account the 
retardation effect. [21, 22] The random distribution of metallic nanoparticles on a 
substrate may be used as a mask for fabricating nanostructures. [24] Such samples 
have also been used as biosensing chips. [25, 26] Therefore, it would be desirable to 
develop a reliable modeling technique in order to perform optical inspection of the 
morphology of these samples without resorting to the electron diffraction for 
metrology purposes. However, in preparing these nanoparticle covered samples, it is 
difficult to avoid the formation of clusters due to aggregation of nanoparticles. To our 
knowledge, such a clustering effect of nanoparticles on the reflectivity spectra has 
never been studied theoretically with suitable methods. 
 Figure 1 shows the scanning electron microscopy (SEM) pictures of the samples 
considered in Ref. [22]. Random distribution of Au nanoparticles with diameters 
ranging from 20 nm to 80 nm can be seen in these pictures. For sample (a) d = 20 nm, 
the distribution is rather uniform with little cluster formation. For the other three 
samples, the formation of clusters is obvious. 
 In this paper, we present a theoretical model, which can describe the effect of 
nanoparticle clusters on the reflectivity spectra with reasonable success. We use a 
spherical harmonics-based Green’s function (SHGF) approach to calculate light 
scattering from randomly distributed nanoparticles with and without coupling to 
clusters. In our modeling, the experimental dielectric constants of bulk Au [27] were 
adopted for the interior of nanoparticles. For the multilayered substrate, the optical 
contrast between the APTES coating and the glass slide was found to be extremely 
small. Hence, we can treat the substrate plus APTES as a single semi-infinite layer 
and use its pseudo-dielectric constants measured experimentally as inputs in our 
theoretical calculations. A previous version of this study was published in Ref. [28]. 
The current version represents an update, which corrects a minor error of Ref. [28] 
and provides convergent results done with a larger set of basis functions. 
II. Modeling for light scattering from randomly distributed nanoparticles with 
clusters 
The modeling of the system without clustering effect has been briefly described 
in [20, 22]. Here, we give a more detailed description in order to address the 
clustering effect. Rather than using the cylindrical basis functions with flexible radial 
part as adopted in [20, 22], here we use spherical harmonics basis functions with rigid 
radial part which satisfy the Maxwell equations. This reduces the number of basis 
functions needed to describe the wave function inside a nearly spherical nanoparticle, 
and improves the efficiency and accuracy. First, we consider a random distribution of 
nanoparticles of identical size and shape, with an average separation of p (the pitch). 
For convenience, we can write the wave function for the electric field in the form of 
linear combination of localized orbitals (LCAO) (for r  restricted in the layer where 
the nanoparticles reside) 
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where 0k  denotes the wave vector of the incident wave, i i≡ −r r R  denotes the 
spatial coordinate relative to a scatterer centered at iR  and ( )i iu r  is a local 
function which is non-zero only for r  in a cell surrounding iR . N  is the number 
of scatters in the sample area of interest. The Lippmann-Schwinger (L-S) equation [29] 
for N  scatters on a multilayer film reads, 
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where r  is restricted in cell i , ( ), ′G r r  denotes the dyadic Green's function (GF) 
for the uniform multilayer background material, and ( )0E r  denotes the unperturbed 
electric field (i.e. solution to the system without the scatterers). ( )jV r  describes the 
perturbation due to replacing the dielectric constant of the background material by the 
nanoparticle. We define the Fourier expansion of the GF suitable for a laminated 
structure stacked along the z axis, 
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where ( ),n z z′g  is given in Ref. [21]. Here,  ( )′ρ ρ  denotes the projection of  ( )′r r  
in the x-y plane, and kn denotes any wave vector in the x-y plane, since the system is 
not periodic, unlike in Ref. [21]. Substituting Eq. (3) into Eq. (2) yields 
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where 0n n≡ −K k k , and i i≡ −ρ ρ R  ( j j≡ −ρ ρ R ). For a random but uniform 
distribution of identical scatterers with cylindrical symmetry, all local functions 
( )j j′u r  are almost the same, and the L-S equation reduces to 
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where 1jV V=  are identical for all scatterers, thus dropping the subscript j . 
( ) ( )21 ( 1) /aV cε ω′ = −r  for ′r  inside the nanoparticle and vanishes otherwise. 
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is the structure factor. For a period array of identical scatterers, we have 
 ( )
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where G  denote the reciprocal lattice vectors in the plane. Thus, our theory can 
reproduce the results of a periodic grating as described in Ref. [21]. For a random 
distribution of nearly identical scatters, the structure factor can be written in the form, 
 ( ) ( )11n nS fS= +K K ,           (8) 
where we have introduced a “similarity” factor f, which describes the ratio of the 
average of wave functions over all other sites to the on-site wave function. If wave 
functions at all sites are identical and the coherence is maintained, we will have 
1f =  for all wavelengths. 
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The first term in Eq. (8) represents the on-site scattering process, while the second 
term is responsible for the off-site scattering process, which can be evaluated 
approximately by replacing the sum over discrete random sites with a continuous 
integral. Then, we have 
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where a region surrounding the site 1R  with an area 
2
cellA p=  has been excluded 
from the integrand. cellu
AR
pi
= . 1J  is the first-order Bessel function. In general, the 
light source is partially coherent, i.e. it has a finite coherence length, cλ . To include 
the effect of partially coherent light source, we replace the structure factor in Eq. (10) 
by 
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The coherence length cλ  can be treated as a fitting parameter, and we found that 
taking cλ  equal to 3500 nm gives an over-all good fit for all experimental spectra 
obtained. [30] 
 The advantage of using the Green’s function approach is that one only needs to 
solve for the local function ( )u r  for r  inside the nanoparticle, where the 
perturbation ( )1V r  is non-zero. Then, the perturbed wave function anywhere in 
space can be calculated by using the L-S equation, once ( )u r  is known inside the 
nanosphere. To solve for ( )u r  inside the nanosphere numerically, we expand each 
component of the vector wave function ( )u r  in terms of the following basis 
functions: ( ) ( ) ( )1 ,m mj k r Y θ φΦ ≡rℓ ℓ ℓ  , where jℓ  is the spherical Bessel function of 
order ℓ  and 
m
Y
ℓ
 is the spherical harmonic function with quantum numbers ( ), mℓ . 
Note that all of these basis functions satisfy the Maxwell’s equations for a uniform 
material with dielectric constant εa (here for Au) if we choose ( )221 /ak cε ω= . Since 
εa is a complex number, so is k1. The basis set mΦℓ  defined this way is a complete 
set for finding the wave function inside the nanosphere. Within this basis set (with a 
cut-off at some maximum value of ℓ ), Eq. (5) can be solved efficiently via either a 
direct solver or an iterative solver such as the quasi-minimum residue (QMR) method. 
Note that the number of spherical harmonics basis functions needed to give accurate 
solution is much less than that used in [20, 22], in which cylindrical basis functions of 
the form ( ) imiB z eν φρ  were used.  The cylindrical basis functions adopted in [20, 
22] are suitable for any object with cylindrical symmetry. However, when applied to 
spherical objects of interest here, they are not as good as the spherical harmonics basis, 
since the number of basis functions needed to describe the accurate solution would be 
much larger and it would take much longer computation time to obtain convergent 
results, especially for wavelengths near the plasmonic resonance. 
 In order to describe the contribution of clustering nanoparticles, we introduce 
three types of local functions: ( )1u r  for uncluttered nanoparticles, ( )αc r  for small 
nanoclusters (each of which covers an area less than cellA ), and ( )p r  for 
nanoparticles appearing in patches of aggregated nanoparticles (each of which has a 
size larger than cellA  and comparable to the coherence length). uN , cN  and pN  
denote the numbers of cells occupied by uncluttered nanoparticles, nanoclusters, and 
patches, respectively. The sum u c pN N N N= + +  represents the total numbers of 
cells in the area of interest. The fractions of areas occupied by clusters, patches, and 
uncluttered nanoparticles are denoted by ,c cf N N= ,p pf N N= and 
1u u c pf N N f f= = − − . The L-S equation for the local function of a uncluttered 
nanoparticle at site 1 (with 1 0R = ) becomes 
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where ( ) ( )2( 1) /aV cα ε ω′ = −r for ′r  inside a cluster of type α and vanishes 
otherwise. pα  denotes the weighting factor for clusters of type α with cp fα α
α
η =∑ , 
where / cellA Aα αη = with Aα  denotes the area covered by a single cluster of type α.  
To avoid using too many fitting parameters, we assume that pα  is inversely 
proportional to the area occupied by the cluster, i.e. 0 /p pα αη=  with 0 /c cp f n= , 
where nc is the number of different sizes of clusters included. Note that cf  (total 
fraction of small clusters) is typically less than 5% for the samples studied; thus, the 
last term describing the effect of surrounding clusters on the local function ( )1u r  is 
negligible. However, the influence of ( )1u r  on ( )αc r  is non-negligible as we shall 
see below. 
 Within the same approximation, the local function αc  for a cluster of type α 
satisfies a similar L-S equation 
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for Cα∈r , where Cα  denotes a local domain surrounding a cluster of type α. The 
last term describes the coupling of the cluster to surrounding nanoparticles, which is 
non-negligible since uf f  is close to 1. For simplicity, we can approximate the 
average of all clusters of type α by a spheroid with height h and diameter dα  for the 
horizontal cross-section, as depicted in Fig. 2(b). That is, we use a pancake-like oblate 
spheroid [see discs outlined by a dash line in Fig. 2(b)] to describe the average of 
these clusters. For example, the angular average of close-packed clusters made of two 
or three nanoparticles may be represented by a pancake with diameter 2d, which 
occupies the volume covered by a circular revolution of a dimer. Similarly, the 
angular average of closed-packed clusters made of five to seven nanoparticles may be 
simulated by a pancake with diameter 3d, which occupies the volume covered by a 
circular revolution of a chain of three nanoparticles, and the angular average of 
clusters made of eight to twelve nanoparticles is simulated by a pancake with 
diameter 4d . For not so closely packed cluster of 3-12 particles, we may 
approximate them by pancakes with diameters between 2d and 4d. Thus, a model 
including pancakes with diameters evenly distributed between 2d and 2Ru (the cut-off 
diameter) with suitable proportions pα  can roughly describe the angular averages of 
all clusters which can fit into a cell with area cellA . 
 The larger clusters are approximated by patches of aggregated nanoparticles, 
which have a close-packed structure similar to the largest patch sketched in Fig. 2(b), 
expect that the size can be comparable to the coherence length. The average wave 
function for a nanoparticle within the patch ( )p r  is assumed to satisfy an equation 
similar to Eq. (5), which is for a uniform and randomly distributed system.  
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where r  is restricted within a nanoparticle in the clustering patch. ( )p nS K  denotes 
the structure factor for nanoparticles in a clustering patch, which is similar to 
( )1 nS K  as given by Eq. (11), except that the cell area is replaced by 23 / 2pA d=  
(for two-dimensional closely-packed structure) and Ru replaced by /p pR A pi=  . 
Here, we have neglected the coupling of ( )p r with ( )1u r  and ( )αc r , since the 
average separation between a patch (i.e. large cluster) and a nanoparticle (or small 
cluster) is larger than the coherent length in our system. To solve for the local 
functions ( )1u r , ( )αc r , and ( )p r  for r  inside an uncluttered nanoparticle, small 
clusters, or a nanoparticle in large patches, we expand them in terms of products of 
spherical Bessel functions ( )1j k rℓ  and spherical harmonics functions ( )mY Ωℓ  as 
described above. We noticed that for oblate spheroids with low /h dα  ratio, larger 
cut-off for the angular momentum quantum number is needed to give convergent 
results. 
 The coupled equations (12) and (13) are solved numerically to obtain the local 
functions ( )1u r  and ( )αc r  and Eq. (14) is used to solve for local function ( )p r  
in terms of spherical harmonics basis functions. Finally, the principal-order reflection 
coefficient is obtained by calculating the average E-field on a plane just above the 
nanoparticles (taken to be at 0z = ) according to the following equation 
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The TE (s-polarized) and TM (p-polarized) reflectivities are given by 
/ 1; / 1,s y oy p y oyr E E r H H= − = − respectively, from which we can obtain the 
ellipsometric parameters 1tan /p sr r
−Ψ =  and ( )arg /p sr r∆ = . 
III. Results and discussions 
 To check the accuracy of the current SHGF method, we have compared the 
calculated near-field at the top of the sphere ( 0z = ) for light scattering from an 
isolated Au sphere with those obtained by the Mie theory. The comparison is shown in 
Fig. 3. The solid line denotes the Mie theory result. The dash-dotted line, dotted line 
and dashed line denote results obtained by the SHGF method with various cutoff 
values of ℓ  and number of 
n
k  points :  ( maxℓ ,Nk) = (2,101), (4,51) and (4,101), 
respectively. The numbers of z and ρ  meshes used are both 50 in these cases. When 
we consider a sphere with a larger diameter, larger values for ( maxℓ ,Nk) are needed to 
give convergent results. For ( maxℓ ,Nk) = (4,101), we find convergent results (dashed 
lines) for all cases, and they are in excellent agreement with the Mie theory, indicating 
the accuracy of our numerical implementation. 
 Next, we compare our theoretical results (without and with clustering effects) 
with the SE measurements. In order to ensure convergent results, we have used a 
cutoff of angular momentum quantum number, max 6=ℓ  for nanoparticles and 
max 6=ℓ  with doubled number of z meshes for the pancake like clusters due to their 
low aspect ratio of height ( h ) to diameter ( dα ). We found that the minimum value of 
maxℓ needed to get reasonable results is 3. For the model without clusters, the fitting 
parameters used include: d (diameter) and h (height) of nanoparticles, the average 
distance between nanoparticles (pitch), cellp A= , and the similarity factor f. For the 
model including coupling with clusters, we adopt the best-fit parameters from the 
model without clusters and add two fitting parameters: the total fraction of area 
occupied by small clusters fc and that for the patches of aggregated nanoparticles, fp. 
Seven small clusters (nc = 7) with diameters evenly distributed between 2d and 2Ru 
are used, and their heights are kept the same as the nanoparticles. We find that the 
results remain nearly unchanged even if we increase the sampling number of sizes for 
small clusters. 
 Figure 4 shows the ellipsometric parameters, Ψ  and ∆  as functions of photon 
energy obtained by the SHGF method without clustering effect and experimental data 
for four different sizes of nanoparticles with nominal diameters of 20nm, 40nm, 60nm 
and 80nm, at three different angles of incidence: 55, 60 and 65 degrees. The 
parameters used to get the best-fit ellipsometric spectra are listed in Table 1. We find 
that the theoretical results agree fairy well with SE measurements for the 20nm case. 
For samples with larger size nanoparticles, the fit is not as good, especially for photon 
energies less than 2.5 eV, where the plasmonic resonance dominates. There is aslo 
significant deviation from data for Ψ  for photon energies larger than 5eV. [See Fig. 
4 (b)-(d)] The present theoretical predictions based on the SHGF method are in better 
agreement (especially for the 80nm case) with experimental data than previous 
calculations reported in Ref. [22], which were based on the FEGF method with the 
use of cylindrical basis functions. The improvement is mainly due to the better basis 
functions used (which gives better results near the plasmonic resonance) and the 
inclusion of effect due to finite coherent length (which improves the over-all spectrum 
shape for photon energies larger than 5eV). The computation time is also improved 
(CPU time spent to compute Ψ  and ∆  for each photon energy at a given angle of 
incidence is about 2.5 or 6 seconds for max 3 or 5=ℓ  on a single Intel 1.83GHz 
processor) 
 Figure 5 shows the calculated ellipsometric parameters, Ψ  and ∆  as functions 
of photon energy obtained by the SHGF method for four different isolated pancakes 
of diameters 2d, 2.5d, 3d, and 3.5d with d = 60 nm at three different angles of 
incidence: 55o (solid lines), 60o (dashed lines) and 65o (dash-dotted lines). The 
number of z meshes used in the integration is kept at 50 in all cases and the pitch (p) 
used is 170 nm. In order to ensure the convergent results, the cutoff of angular 
momentum quantum number ℓ  ( maxℓ ), the number of ρ  meshes (Nρ), and the 
number of 
n
k  meshes (Nk) used in the integration for pancakes with lateral sizes 2d, 
2.5d, 3d, and 3.5d are  ( maxℓ , Nρ, Nk) = (6,70,71), (6,80,81), (6,90,91), and 
(7,100,91), respectively. As can be seen in Fig. 5, these clusters represented by 
pancakes lead to larger enhancement and multiple plasmonic resonances at energies 
near 2 eV due to their enlarged cross-section in the x-y plane. 
 Figure 6 shows the calculated ellipsometric spectra (for Ψ  and ∆ ), taking into 
account the clustering effect of nanoparticles. The additional parameters fc and fp used 
to obtain the best fit are listed in Columns 5 and 6 of Table 1. A variation of fc and fp 
by more than 0.01±  will lead to significantly worse fit. For this calculation, the 
similarity factor f
  
is rescaled such that fu f  is the same as the f  listed in Column 3 of 
Table 1. Including the clustering effect, we can obtain much better agreement with the 
experimental data for samples with nominal sizes of 40nm, 60nm, and 80nm, where 
there is obvious cluster formation as shown in Fig. 1(b)-(d). The mean-squared errors 
(MSE’s) as shown in Column 6 of Table 1 now become much smaller. Examining the 
contributions, we found that the coupling with smaller clusters are responsible for the 
improvement for photon energies below 2.5 eV, where the plasmonic resonance plays 
an important role.  Comparing the spectra in Fig. 6 and Fig. 5 for photon energies 
below 2.5 eV, we notice a qualitative difference in the spectral lineshapes with and 
without the clustering effect. Without the clustering effect, the Ψ  spectra display a 
simple peak structure near 2.5 eV, which reflects the plasmonic resonance of the Au 
nanoparticles. With the presence of clustering effect, the Ψ  spectra display 
asymmetric peak structure with a dip near 1.5eV and a broad peak covering 2 eV to 
2.5 eV, indicating effects due to coupling of multiple plasomonic resonances. All these 
features can be seen in the modeling results when the pancake like clusters are 
included and they are in reasonable agreement with the experimental data. 
Furthermore, for photon energies above 5 eV, the agreement with experimental data 
for the Ψ  spectra is improved considerably when we also mix in the contribution 
from the patches of closely packed nanoparticles as can be seen in Fig. 6. 
IV. Conclusion 
 In this paper, we have presented a spherical harmonics-based Green’s function 
(SHGF) method for studying randomly distributed nanoparticles on multilayer films, 
taking into account the clustering effect. With the use of spherical harmonics as basis 
functions, the light scattering from such a system can be handled efficiently and 
accurately. This improved technique allows us to analyze complicated models 
including the coupling of pancake-like nanoclusters with the randomly distributed 
nanospheres. Our modeling results including coupling with clusters agree well with 
the spectroscopic ellipsometry data. By comparing the theoretical predictions with 
experimental measurements based on spectroscopic ellipsometry, we can provide 
structure information of the distribution of nanoparticles on a substrate, including the 
average spacing of nanoparticles (p), the fraction of areas occupied by small clusters 
( cf ) and that of patches of closely-packed nanopaticles (fp). Such information is very 
useful for nondestructive metrology of nanoparitcles covered samples. 
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Table and Figure caption 
Table: 
[1] Best-fit parameters used in the theoretical modeling for Au nanoparticles without 
 and with clusters. 
Figure: 
[1] SEM pictures of samples with random distribution of Au nanoparticles with 
 diameters: (a) 20nm, (b) 40nm, (c) 60nm, and (d) 80nm.  
[2] (a) a picture which describes randomly distributed identical nanoparticles with 
 variable distances between the centers of particles iR  and the origin O  (top 
 view); (b) equivalent spheroid model to describe clusters with three different 
 diameters (top view). 
[3] The calculate field strength, E  at the top of the sphere as a function of photon 
 energy for light scattering from an isolated Au sphere obtained by the present 
 Green’s function method with different cutoffs: ( maxℓ ,Nk) = (2,101) (dash-dotted), 
 (4,51) (dotted), and (4,101) (dashed) and Mie scattering theory (solid). (a) d = 20 
 nm, (b) d = 40 nm, (c) d = 60 nm, and (d) d = 80 nm. 
[4] SE measurements (solid curves) and model calculations (dash-dotted curves) 
 without clusters for random distribution of nanoparticles with nominal sizes of (a) 
 20 nm, (b) 40 nm, (c) 60 nm, and (d) 80 nm for incident angles of 55°, 60°, and 
 65°. 
[5] The ellipsometric parameters, Ψ  and ∆  as functions of photon energy 
 obtained by the SHGF method for four different isolated pancakes of diameters 
 (a) 2d, (b) 2.5d, (c) 3d and (d) 3.5d with d = 60nm at three different angles of 
 incidence: 55o (solid line), 60 o (dashed line) and 65 o (dash-dotted line) on the 
 substrate. 
[6] SE measurements (solid curves) and model calculations (dashed dot curves) 
 including clusters for random distribution of nanoparticles with nominal sizes of 
 (a) 40, (b) 60, and (c) 80 nm for incident angles of 55°, 60°, and 65°. 
 
 
 Nanoparticle 
height  
h (nm) 
Aspect 
ratio  
(h/d) 
Similarity 
factor, f 
Average 
pitch, p 
(nm) 
Fraction 
of small 
clusters, 
fc 
Fraction of 
nanoparticles 
in patches, fp 
MSE for 
noncluster 
model 
MSE for 
cluster 
model 
18 0.95 1.0 50   5.50  
38 0.90 0.8 140 0.015 0.005 8.00 5.60 
66 0.98 0.7 170 0.02 0.03 9.94 6.36 
84 0.97 0.7 220 0.025 0.03 11.46 6.55 
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